We consider the problem of parametrizing modified gravity theories that include an additional vector field in the sub-Hubble regime within the quasi-static approximation. We start from the most general set of second order equations for metric and vector field perturbations and allow for both temporal and spatial components of the background vector field. We find that in the case in which dark matter obeys standard conservation equations, eight parameters are needed to fully characterize the theory. If dark matter vorticity can be neglected, the number of independent parameters is reduced to four. In addition to the usual scale and redshift dependence, the effective parameters have an additional angular dependence induced by the preferred direction set by the background vector. In the considered sub-Hubble regime, we show that this angular dependence appears only through even multipoles and generates anisotropies in the growth function which translate into anisotropies in the galaxy and lensing convergence power spectra. The angular dependence generated by the preferred direction is different from that induced by redshift space distortions and could be disentangled in the data collected by future galaxy surveys.
I. INTRODUCTION
In the next decade a new suite of cosmological surveys such as J-PAS [1] , DESI [2] , Euclid [3] , TAIPAN [4] , LSST [5] , WALLABY or SKA [6] will provide us with unprecedented amount of data on the distribution, shapes and peculiar velocities of galaxies on very large scales. These observations could shed new light not only on the nature of dark energy, responsible for the accelerated expansion of the universe, but also on the behaviour of the gravitational interaction on cosmological scales. Different forecast analysis suggest that sensitivities in the percentage level for the equation of state of dark energy and for certain parameters of modified gravity theories at different redshifts will be attainable by the mentioned surveys [6, 7] .
On the theory side, models for dark energy or modified gravity have been proposed in the last years aiming at exploring consistent alternatives to the standard ΛCDM cosmology [8, 9] . Given the plethora of viable cosmologies we have to date, it is becoming more and more indispensable to have tools that allow to confront alternative cosmologies with data in a model independent way. This fact has triggered the development of effective theoretical descriptions which have the ability to capture general modifications of gravity in a few parameters which can be tested by observations [9, 10] . Thus, in the relevant range of scales for observations of structure growth and weak lensing, i.e. in the sub-Hubble regime where the so called quasi-static approximation (QSA) can be safely employed, and provided dark matter satisfies standard conservation equations, all the relevant information of a very general class of theories of gravity involving additional scalar degrees of freedom can be encapsulated in only two parameters, namely an effective Newton constant µ(a, k) = G eff /G and a gravitational slip parameter γ(a, k) [9, 10] . Any deviation with respect to µ = γ = 1 would signal a breakdown of General Relativity (GR).
In the scalar case, the so called beyond-Horndeski theories [11] provide the most general expression for a local and covariant scalar theory in four dimensions with no higher than second order derivatives in their equations of motion. Explicit expression for the effective parameters have been derived for such theories in [12] [13] [14] .
Modified gravities with extra vector degrees of freedom have also been widely studied in recent years. Since the first proposal in [15] , different models of vector inflation have been studied in the literature [16, 17] . Vector models for dark energy based on massive [18, 19] or massless [20] [21] [22] vector fields have also been proposed. Vector dark matter based on hidden sector gauge bosons have been analyzed in [23] , and the role of vectors in the generation of metric perturbations in the so called curvaton scenario has also been considered in [24] . Oscillating massive vector fields were considered as non-thermal dark matter candidates in [25] and ultra-light vector dark matter models have been explored in [26] . The most general framework considered so far for modifications of gravity induced by vectors is given by the so called beyond generalized Proca models [27, 28] which propagate three degrees of freedom (two transverse and one longitudinal) corresponding to a massive spin 1 field.
Most of the work done so far on modified theories with vector degrees of freedom concentrate in the case in which the background vector field is purely temporal. In that case, it can be shown [29, 30] that very much as in the scalar case, the theory can be parametrized by the same two phenomenological parameters µ and γ in the quasistatic approximation. However, the possibility of having spatial components in the background cannot be excluded a priori, provided their effect on the expansion is small [31] . As a matter of fact the existence of a preferred spatial direction in the universe has been advocated as a possible explanation of the low-multipole anomalies of the CMB [32] [33] [34] .
The aim of this work is to extend previous results in two directions, on one hand we will work at the level of equations of motions and consider the most general modified second order equations for perturbations involving vector fields, and on the other, we will consider a general background vector field involving both temporal and spatial components. The presence of the background spatial components implies that the number of effective parameters needed to parametrize the theory in the QSA is increased to eight. This number can be reduced to four in the case in which dark matter vorticity could be neglected. Moreover, the spatial background vector generates an additional angular dependence in the effective parameters. In particular, µ = µ(a, k, x) and γ = γ(a, k, x) with x =k ·Â given by the angle between the wavevector k and the preferred background directionÂ. This fact opens up the possibility of generating anisotropic growth of structures and anisotropies in the weak lensing signal.
The potential observable effects of a preferred direction in cosmology have been previously analyzed in the literature, both on the CMB temperature power spectrum [31, 35] and in the matter distribution in [36] [37] [38] . Also very recently the possible impact of vector (vorticity) perturbations with anisotropic power spectrum on the galaxy distribution has been analyzed in [39] .
In those works, the anisotropy is assumed to be present only in the primordial power spectra, which can be generated for instance in models of inflation with vectors [40, 41] or higher-spin fields [42] , but not in the transfer functions which are assumed isotropic. However, in modified gravities with a spatial vector background, anisotropies could be induced in the transfer functions themselves, thus affecting both galaxy and lensing convergence power spectra. Such anisotropies have a different angular dependence from those generated by redshift space distortions and could be disentangled in the data of future galaxy surveys.
The paper is organized as follows: in section II we summarize the results for the scalar field case in [10] , and in section III we analyze a particular case of a nonminimally coupled scalar field; in section IV we consider the general case for the linearized equations of perturbations with a vector field in the background, we define the modified gravity parameters and we find general expressions for them. Then, in V, we consider a particular case of a non-minimally coupled vector field and we obtain simple equations for this modified gravity parameters in the sub-Hubble regime which follow the general framework. In VI we explore the possible observational consequences of these theories in the galaxy and lensing power spectra. Finally in section VII we briefly discuss the results and conclusions.
II. GENERAL SCALAR FIELD CASE
In order to introduce the formalism we will use in the rest of the paper, we will review the well-known scalar case following the approach in [10] .
Let us consider a modification of General Relativity which involves an additional scalar field φ. We will study the scalar perturbed flat Robertson-Walker metric in the longitudinal gauge,
and the scalar field is also perturbed as φ = φ 0 (τ ) + δφ, The modified Einstein equations at the perturbation level are,
where the perturbed modified Einstein tensor δḠ µ ν can depend on both the metric potentials Φ, Ψ and the perturbed field δφ to first order. The only matter-energy content relevant at late times is pressureless matter so that,
where v i is the three-velocity of matter, ρ is the density and δ the density contrast. In components, we have, a priori, the following modified Einstein equations corresponding to δḠ 
Taking these restrictions into account we have only two independent equations which we take as those corresponding to δḠ 0 0 and δḠ i i . Additionally, we have the equation of motion for the scalar field φ that provides a third equation for the perturbation δφ, so that we can write in general the following system of equations for first order perturbations
where a ij are general differential operators although we will restrict ourselves to second order operators and we have written 4πG on the r.h.s. for convenience to compare with the standard Poisson equation. Then, we introduce the quasi-static approximation in which we neglect all time derivatives of perturbations so that, in Fourier space, equations (7) - (9) are just algebraic equations for (Φ, Ψ, δφ) in terms of δ. Notice that the first Bianchi condition in (6) implies that the velocity perturbation v does not contribute to the equations of motion in the subHubble regime. We can now eliminate the scalar degree of freedom simply solving for δφ in (9) and substituting in (7) and (8), obtaining in this way the effective equations for the metric perturbations, which in general can be written as
Notice that in the sub-Hubble regime δ agrees with the density perturbation ∆ used in [10] since ∆ = δ + 3Hv k . Thus we see that in the QSA, the modified Einstein equations can be parametrized in terms of two functions of time and scale µ(a, k) and γ(a, k). These parameters can be understood as an effective Newton constant
which modifies the standard Poisson equation, and the so called gravitational slip parameter
which in general modifies the equation for the lensing potential (Φ + Ψ)/2.
In order to obtain the explicit k dependence of µ and γ we go back to equations (7) - (9) . As mentioned before in the QSA each a ij coefficient is a general second order operator of the spatial derivatives, so that in Fourier space they can be written as,
where d ij (a) and c ij (a) are general functions of background quantities. A priori, this implies on dimensional grounds that d ij will be of order H 2 with H = a ′ /a the Hubble parameter (where prime denotes derivative with respect to τ ) and therefore can be neglected compared to the the c ij terms in the sub-Hubble regime. Notice however that d ij could also involve mass terms for the scalar fields which could be larger than H 2 and therefore we will keep them for the sake of generality. Thus we can write
Then, using equations (12) and (13) we can solve the previous system and we obtain,
where p i (a) are functions of the c ij and d ij coefficients. In order to compare with previous results, we will neglect all the mass terms except for d 33 as is customarily done in modified gravity theories [10, 43] 
in this situation we obtain simple expressions for µ and γ,
and
Finally, in the case in which the comoving mass of the scalar field is also of order H we can neglect d 33 and obtain,
so that the effective parameters are k-independent. Additionally, if we consider one scalar field more, i.e. (φ 1 , φ 2 ) then the effective equations would read
and we obtain,
Thus we see that compared to (23) and (24), each scalar degree of freedom adds an extra even power term in k in the numerator and denominator.
In the following section we apply these general results to a particular non-minimally coupled scalar field model.
III. NON-MINIMALLY COUPLED SCALAR FIELD
Let us consider the following action for a nonminimally coupled scalar field,
where ξ is the dimensionless non-minimal coupling constant, R is the Ricci scalar, and m is the mass of the scalar field. The energy-momentum tensor for this scalar field is,
being ≡ g αβ ∇ α ∇ β and the total energy-momentum tensor reads,
being T (m) µν the energy-momentum tensor of pressureless matter. We consider the metric (1) and perturb the Einstein equations so that
Thus using the procedure described in previous section we obtain the system (20 -22) . As mentioned before, we will neglect all the mass terms except for d 33 , so that
being,
Let us consider the minimal (ξ = 0) and non-minimal coupling (ξ = 0) cases.
a) Minimal coupling:
We substitute ξ = 0 in equations (37)- (39), we solve the system and using (12) and (13) we obtain µ and γ. We find trivially that µ = γ = 1 in this situation as expected [43] .
Now we consider ξ = 0 and we obtain expressions for µ and γ which follow the general form of (23) and (24) being,
with,
These expressions can be simplified in the limit ξ ≪ 1. In this case we obtain,
As we can see from these results, for a simple quintessence-model, we need a non-minimal coupling in order to have a difference with respect to General Relativity in µ and γ in the sub-Hubble limit. In next section, we will extend this analysis to general modifications of General Relativity which involve vector degrees of freedom.
IV. GENERAL VECTOR FIELD CASE
In this section we will extend the formalism introduced in previous sections to modified gravities involving an extra vector field A µ . Very much as in the scalar case, we will decompose A µ in a homogeneous background and a perturbation as A µ = A (0) µ (τ ) + δA µ . Notice that unlike previous works [29, 30] , we will allow for the background vector A (0) µ to have both non-vanishing temporal and spatial components. For simplicity we will limit ourselves to the case of linearly polarized A (0) i (τ ). In such a case, the background metric is no longer of the Robertson-Walker type but an anisotropic Bianchi I metric. This metric is characterized by the spatial metric tensor Ξ ij that in general can be written as [44] 
This guarantees that Ξ ik Ξ kj = δ i j . Using this metric we can now define a unit spatial vector fieldÂ i in the direction of the background vector field aŝ
with
. In terms of the unit vector, the spatial metric can be written as
being C 1 and C 2 functions of time only and satisfying
1 by virtue of (55). This tensor reduces to Ξ ij = δ ij in the isotropic limit.
The perturbed Bianchi metric in the longitudinal gauge, including scalar (Φ, Ψ), vector Q i and tensor h ij perturbations reads [44] ,
Additionally, the perturbed vector field can be decomposed as δA 0 , δA i , δA ⊥ i , where the different perturbations satisfy in Fourier spacê
beingk i the unitary direction of the perturbation wavevector k i with respect to the spatial metric Ξ ij . Notice that indices in spatial vectors are raised and lowered with the metric Ξ ij As in the scalar field case, we have the perturbed equations,
beingḠ µ ν the modified Einstein tensor and δL µ the perturbed vector field equations. The only matter-energy content we consider is presureless matter as in the scalar field case so that
where
and the four-velocity of matter u µ = dx µ /ds is
so that
where as mentioned before v i = Ξ ij v j . The velocity perturbation can also be decomposed in a longitudinal and transverse (vorticity) components as
such that in Fourier spacê
Additionally, Bianchi identities imply the conditions (6). Taking such conditions into account, and contracting the spatial components withk i orÂ i we obtain the following set of independent scalar equations: δḠ 
for seven variables:
If we apply the QSA, the system (73)-(79) transforms into an algebraic system for the above variables in terms of the matter variables δ andÂ i v ⊥ i (notice that very much as in the scalar case, the scalar velocity perturbation v does not contribute to the equations in the QSA),
where, defining x ≡Â ik i , we havẽ
These quantities satisfy the following properties,
With these definitions we see that eight dimensionless parameters (µ Φ , η Φ , µ Ψ , η Ψ , µ Q , η Q , µ h , η h ) are needed to parametrize the theory. In General Relativity they take the values (1, 0, 1, 0, 0, 1, 0, 0). Notice that if we consider only a temporal component for the background vector field, so that A (0) i = 0 then the number of parameters is reduced to three (µ Φ , µ Ψ , η Q ), in agreement with previous works [29, 30] . In the general case, if dark matter vorticity can be neglected, the number of parameters can be reduced from eight to four and, in this case, we can define the standard (µ, γ) parameters as µ = µ Ψ and γ = µ Φ /µ Ψ .
In the following we are going to obtain explicit expressions of the complete set of parameters as a function of k and x. With that purpose, we will firstly derive the dependence in k and x of each A ij coefficient of equations (80), (81) and (82). Notice that on general grounds, Einstein and field equations can be classified in three categories: scalar equations δS = {δḠ 
For the vector ones
and for the tensor one
Where taking into account the QSA, the E operators are second order differential operators involving only spatial derivatives. Notice also that for the scalar and vector equations we have different E operators for each equation, but all of them will have the same structure. Thus in Fourier space the most general form of the operators are: (73)- (79), we can obtain the most general form of the A ij coefficients from the scalar equations and from the equations obtained by contracting the vector type equations asÂ i δV i and the tensor one asÂ iÂ j δḠ j i . We summarize in Table I the general structure of each coefficient.
We can now solve the system of equations (80), (81) and (82) and obtain the coefficients for {Φ, Ψ,Q,h} in terms of δ andÂ i v ⊥ i which leads to equations (83)-(86). We have to notice that apart from k, the other dimensional (comoving) scales appearing in the E operators are the Hubble rate H and the mass scale of the vector field. Unlike the usual assumptions in modified gravities with the scalar degrees of freedom [10, 43] , there is no general argument with which we can determine the dependence of each parameter A . . . F on H or on the vector mass. Moreover, the comoving mass scale could be of order H due to the background equations. For these reasons, we cannot a priori neglect any of the A ij terms and we will consider two generic cases: a) we consider the general case in which we keep all the terms in the E operators and b) we assume that all the dimensional parameters of the E coefficients are of order H or H 2 so that the corresponding terms can be neglected compared to the k 2 terms in the sub-Hubble limit.
a) General case:
We find that the following form for the parameters
whereas for µ Q and µ h we obtain,
where we have defined the following function,
being p (A) ij (a) functions of background quantities and we define P n A (a, x) ≡ P n A (a, 1, x) which are polynomials of order n with only even powers of x. Notice also that the polynomials in the numerators are in general different for the different parameters, whereas those in the denominators P 14 D (a, k, x) and P 16 D (a, k, x) are the same for all of them as they come from the inverse of the determinant corresponding to the system of linear equations [10] .
Notice that if we take x = 0 i.e. we neglect the anisotropic contributions coming from the spatial components of the background vector field in equation (101) we get
i.e. the ratio of two degree-fourteen polynomials in k.
We could have anticipated that in this case the result should agree with that corresponding to two scalar degrees of freedom (which can be identified with δA 0 and δA ) given in (31) and (32). But we see that this is not the case because, unlike the scalar case, we did not neglect k-independent terms in the E expressions. Only if we neglect k-independent terms in all equations, except for those of the vector field perturbations in the vector field equations, we recover the scalar field case: If we consider the dimensional coefficients of the E operators to be of order H and take the sub-Hubble limit, so that only k 2 terms survive, we obtain,
As we can see, the expressions are scale independent. If we expand them in multipoles we only have even powers of x, odd powers are suppressed in the sub-Hubble limit. Thus, for small anisotropy, A ≪ A (0) 0 , we can find an expansion for any of the eight parameters (that we denote as β) of the form,
where β 0 (a) provides the isotropic contribution. In particular we can find this kind of expansion for the standard parameter µ and, without vorticity, also for the parameter γ.
V. NON-MINIMALLY COUPLED VECTOR FIELD
In this section we will calculate all the modified gravity parameters using the QSA in a simple example of non-minimally coupled vector field. We will consider a particular case of generalized Proca theory [45] ,
where g µν is the metric tensor, R and G µν are the Ricci scalar and the Einstein tensor, A µ is the vector field, ξ is the dimensionless non-minimal coupling constant, m is the mass of the vector field, Λ the cosmological constant, and
The corresponding energy-momentum tensor reads,
The total energy-momentum tensor is,
where T (m) µν is the energy-momentum tensor of matter. Finally, the vector field equation of motion is,
We will consider for simplicity the metric (58) using the approximation that the background is FRW so that Ξ ij = δ ij . As shown before, from the perturbed Einstein and field equations we obtain the system corresponding to Eqs. (73)-(79). We find that in this particular case, in the sub-Hubble limit δA does not contribute to the equations and that Eq. (78) is no longer independent, so that we are left with six equations for six unknowns. Thus from (77) we get
and (79) yields
and in this case
The modified Einstein equations provide from (73)
from (74)
whereas (76) gives
and finally (75) yields
Substituting the vector field perturbations from Eqs. (115) and (116) into the Einstein equations we can obtain,
Considering the background equations,
, so that we are in the case b) analyzed before where the mass terms can be neglected and accordingly the modified gravity parameters are scale invariant and their general structure is
, (129)
. (130) The reduced order of the polynomials with respect to the general result in (101), (102) and (103) is due to the fact that in this particular case we do not have all the possible x dependence in each coefficient.
The explicit expression of the different polynomials is not very informative and we do not include it here. However in the limit r ≪ 1 (small anisotropy) and ξ ≪ 1 we can obtain simple expressions to next to leading order in both parameters
As expected we recover the General Relativity values when ξ = 0 as in the scalar field case and the subHubble limit. In the absence of vorticity, we can define γ = µ Φ /µ Ψ as mentioned before so that,
VI. ANISOTROPIC EFFECTS ON GALAXY CLUSTERING AND WEAK LENSING
In this last section we will study the potential observable effects of the anisotropic modified gravity parameters in galaxy surveys. For simplicity, we will consider only scalar perturbations in the sub-Hubble regime (case b) above ) and negligible dark matter vorticity, so that we are left with only two effective parameters which are scale invariant, µ = µ(a, x) and γ = γ(a, x). We will also assume that the background vector field is a subdominant contribution with respect to matter so that the background evolution can be correctly described by a Robertson-Walker metric, i.e. Ξ ij = δ ij . In this framework, the growth equation for pressureless matter is [8] ,
where dots denotes derivative with respect to ln a, H = aH and Ω m (a) is the matter density parameter Ω m (a) = Ω m a
H 2 (a) . By solving this equation we obtain the growth factor D(z, x) = δ m (z, x)/δ m (0), where as usual the redshift is related to the scale factor by a = 1/(1 + z), and the growth function f (z, x) =Ḋ(z, x)/D(z, x) which unlike in the ordinary General Relativity case is anisotropic because of the x dependence. Then, the redshift-space galaxy power spectrum is [8] ,
where b is the galaxy bias, P m (k) is the matter power spectrum andμ =n ik i withn i pointing along the line of sight. As we can see, the redshift space galaxy power spectrum has two anisotropic contributions: on one hand the standard contribution from redshift space distorsions (RSD) which introduces a quadrupole and hexadecapole inμ with m = 0 in the spherical harmonic expansion, and on the other, an extra contribution coming from the x dependence of the growth function. This new contribution introduces arbitrary-order multipole contributions with m = 0. This fact could help to discriminate the modified gravity contribution from the standard RSD effect.
We can also consider the weak lensing power spectra. In this situation, we have to take into account that we transform to the Fourier space only the space transverse to the line of sight, whose coordinates are denoted as θ = (θ 1 , θ 2 ). The corresponding conjugate coordinates in Fourier space are ℓ = (ℓ 1 , ℓ 2 ). We now choose the z axis along the line of sight, so thatÂ i with i = 1, 2 is the projection of the unit vector on the transverse space. Thus we can define the cosine of the angle between the projected vector and ℓ as
whereÂ 3 is the projection along the line of sight. In this case we have ℓ 1 = ℓ Υ and ℓ 2 = ℓ √ 1 − Υ 2 . Finally for the power spectra of convergence and shear [8] we find,
where H 0 is the Hubble parameter today, g(z) is the window function,
n(z) is the galaxy density function, and χ(z) is the comoving radial distance,
As we can see, the presence of the vector field introduces an angular dependence in the convergence and shear power spectra so that from weak lensing surveys it would be also possible to measure (or constrain) the contributions from this kind of modified gravity theories. Additionally, had we considered vector and tensor perturbations in addition to the scalar ones, the power spectra of convergence and shear would also depend on µ Q and µ h . This means that in the general case without vorticity, we could use four independent observables: P g , P κ , P γ1 , P γ2 to measure four modified gravity parameters: µ Φ , µ Ψ , µ Q and µ h . Finally, in this situation weak lensing produces and additional rotation effect [46] . This effect is also known to be present in standard ΛCDM cosmology to second order in perturbation theory. Unfortunately, rotation cannot be measured using standard weak lensing surveys because of the lack of information about the original orientation of the galaxy images [47] .
VII. CONCLUSIONS
In this work we have studied the problem of parametrizing modified gravity theories that involve additional vector degrees of freedom. Unlike previous works we have allowed for the presence of both temporal and spatial components in the background vector field, thus introducing a preferred direction in the equations for perturbations. We have followed a phenomenological (model independent) approach and considered the most general modification of gravity with second order equations of motion. We have limited ourselves to the case of subHubble modes in the quasi-static approximation. The main result of this work is that eight effective parameters are needed to describe a general theory in this regime, in contrast with the two parameters needed in the standard scalar case. In addition, such parameters exhibit and extra dependence on the direction of the wavevector. In the case in which dark matter vorticity is negligible, the number of independent parameters is reduced to four.
We have also obtained the general dependence of the parameters with x and k and showed that such a dependence is different from that obtained in the case of a modification of gravity with two scalar degrees of freedom. In the case in which the mass scale of the vector field is of the order of the Hubble parameter, we have shown that the effective parameters are scale invariant to leading order in the sub-Hubble regime and that in this regime the odd multipoles are suppressed in the angular dependence. Thus, in this case a particularly simple expression can be obtained for any of the parameters provided the spatial anisotropy is small β(a, x) = β 0 (a) + β 2 (a) x 2 + β 4 (a) x 4 + O(x 6 ). (148) Finally we have explored the possible observational consequences of this kind of modification of gravity. We have shown that in the case in which we only consider the effects of scalar perturbations, the growth function of matter fluctuations becomes anisotropic and this anisotropy is translated to the observables, namely the galaxy power spectrum in redshift space and the lensing (convergence and shear) spectra. In the first case, we find that unlike the anisotropic contribution from RSD, the vector degrees of freedom introduce angular dependences with arbitrary multipolar order and with m = 0. This fact could help to discriminate both effects in future galaxy survey data. In addition, when the effects of vector and tensor perturbations are taken into account (in the vanishing vorticity limit) the four effective parameters µ Φ , µ Ψ , µ Q and µ h could be measured from the four power spectra P g , P κ , P γ1 and P γ2 thus providing a way to test vector modifications of gravity in future surveys [48] .
